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We study the Sivers asymmetry in semi-inclusive deep inelastic scattering: the three-gluon cor-
relation function contribution. At the cross section level, we establish the matching between
the twist-3 collinear factorization approach and the transverse momentum dependent factoriza-
tion formalism at the moderate transverse momentum region. The so-called coefficient functions
when one expands the quark Sivers function in terms of three-gluon correlation functions are
derived, which are essential components in the usual transverse momentum dependent evolution
formalism. Finally we calculate the transverse-momentum-weighted spin-dependent differential
cross section at the next-to-leading order, from which we identify the off-diagonal/three-gluon
correlation contribution to the QCD collinear evolution of the twist-3 Qiu-Sterman function.
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1. Introduction
Transverse-spin asymmetries have become important tools to probe the novel nucleon struc-
ture, in particular the parton’s transverse motion [1, 2, 3, 4]. On the experiment side, e + p
[5, 6, 7, 8], p+ p [9, 10] and e+e− annihilation [11, 12] processes have been performed to study
these asymmetries. On the theory side, two approaches have been developed: the so-called trans-
verse momentum dependent (TMD) factorization [13, 14, 15] for low transverse momentum of
the observed hadron, and the twist-3 collinear factorization approach [16, 17, 18] for high trans-
verse momentum. The relation between these two mechanisms (so-called “matching”) has been
discussed for Drell-Yan production in [19] as well as for semi-inclusive deep inelastic scattering
(SIDIS) process in [20], both of which involve the quark-gluon correlation function or the so-called
Qiu-Sterman function. In Sec. II below we will discuss the matching for photon-gluon fusion chan-
nel of SIDIS at cross section level, which involves the three-gluon correlation function.
SIDIS is an efficient experimental tool to study the single transverse-spin asymmetries (SSAs).
In this process, SSAs generated by Sivers function are rather interesting and extensively studied
experimentally by HERMES [7], COMPASS [8, 21, 22] and JLab [5]. Sivers function is very
intriguing due to the theoretical prediction that it will change sign in Drell-Yan with respect to
SIDIS process [23, 24, 25, 26]. A number of experiments including COMPASS, RHIC, and Fer-
milab are planned to test this prediction experimentally. Knowledge of evolution of the Sivers
function [27, 28, 29, 30, 31, 32] with hard scale is very important for accurate phenomenological
application and eventually for our better knowledge of these functions. To have the full knowledge
of TMD evolution of the Sivers function, one needs to know the so-called coefficient functions. In
Sec. III, we derive a set of such coefficient functions when one expands the quark Sivers function in
terms of the three-gluon correlation functions. Finally in Sec. IV we study the next-to-leading order
(NLO) perturbative QCD corrections to the transverse momentum-weighted spin-dependent cross
section. By analyzing the collinear divergence structure, we identify the off-diagonal evolution
kernel of the Qiu-Sterman function.
2. Matching between twist-3 collinear factorization and TMD formalism
We study the three-gluon correlation contribution to the Sivers asymmetry in SIDIS process:
e(ℓ) + p(p,s⊥) → e(ℓ′) + h(ph) + X . With slightly different normalization from Ref. [33], the
three-gluon correlation function is defined as follows:
MαβγF,abc(x1,x2) = gs
∫ dy−1 dy−2
2pi
eix1 p
+y−1 ei(x2−x1)p
+y−2
1
p+
〈PS|Fβ+b (0)F
γ+
c (y
−
1 )F
α+
a (y
−
2 )|PS〉
=
Nc
(N2c −1)(N2c −4)
dabcOαβγ(x1,x2)−
i
Nc(N2c −1)
f abcNαβγ(x1,x2) , (2.1)
where Oαβγ(x1,x2) and Fαβγ(x1,x2) correspond to symmetric and anti-symmetric combinations
of gluon field-strength tensors. The transverse spin dependent differential cross section of Sivers
effect, or the so-called sin(φh−φs) module, could be written as
d∆σ
dxBdydzhd2ph⊥
=
α2emy
32pi3Q4zh L
µνWµν(p,q, ph), (2.2)
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where Lµν = 2(ℓµℓ′ν + ℓνℓ′µ)−Q2gµν is the leptonic tensor, while W µν is the hadronic tensor,
including the partonic tensor wµν and the usual fragmentation function Dh/q(z). The generic Fey-
man diagram to calculate the partonic hard-part function is sketched in Fig. 1. In the following
calculation, we only consider the so-called metric contribution [34], i.e., we contract our hadronic
tensor with (−gµν ).
ν
σ δ ρ
µ
H
x1p (x2 − x1)p+ k⊥ x2p+ k⊥
q q
Figure 1: Generic diagram that is used to calculate the hard-part function Habcρδσ .
One can compute the contribution of the three-gluon correlation function to the spin-dependent
cross section up to O(αemαs), which has already been studied in [33] for heavy meson production.
Here what we are interested is to study its matching to the TMD factorization formalism. Because
of different goals, we will simply derive the results for light hadron production, i.e., neglect the
mass of the hadrons. We found that in the low ph⊥≪Q limit, the spin-dependent cross section can
be written as
d∆σ
dxBdydzhd2ph⊥
∣∣∣∣
ph⊥≪Q
=− zhσ0
(
εαβ sα⊥p
β
h⊥
) 1(
p2h⊥
)2 ∑
q
e2q
αs
2pi2
∫ dz
z
Dh/q(z)δ (1− zˆ)
×
∫ dx
x2
Pq←g(xˆ)
(
1
2
)
[O(x,x)+O(x,0)+N(x,x)−N(x,0)] , (2.3)
where Pq←g(xˆ) = TR
[
xˆ2 +(1− xˆ)2
]
is the usual gluon-to-quark splitting kernel, with TR = 1/2 the
color factor. On the other hand, the TMD factorization formalism [13, 14, 15] for SIDIS process
reads
d∆σ
dxBdydzhd2ph⊥
=σ0 ∑
q
e2q
∫
d2k⊥d2p⊥d2λ⊥δ 2 (zhk⊥+p⊥+λ⊥−ph⊥)
×
εαβ sα⊥k
β
⊥
M
f⊥q1T (xB,k2⊥)Dh/q(zh, p2⊥)S(λ⊥)H(Q2), (2.4)
where f⊥q1T (xB,k2⊥) is the quark Sivers function, Dh/q(zh, p2⊥) is the TMD fragmentation function,
S(λ⊥) and H(Q2) denotes the soft and hard factors, respectively. To study the connection between
the TMD approach and the collinear twist-3 formalism, as given in Eqs. (2.4) and (2.3), we expand
the quark Sivers function f⊥q1T (xB,k2⊥) in terms of the three-gluon correlation functions at k⊥ ≫
ΛQCD,
1
M
f⊥q1T (xB,k2⊥) =−
αs
2pi2
1(
k2⊥
)2
∫ 1
xB
dx
x2
Pq←g(xˆ)
(
1
2
)
[O(x,x)+O(x,0)+N(x,x)−N(x,0)] . (2.5)
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For other factors, we let k⊥ to be of the order of ph⊥ and the others (λ⊥ and p⊥) much smaller [35].
In this case, we neglect λ⊥ and p⊥ in the delta function:
k⊥ ∼ ph⊥ : δ 2 (zhk⊥+p⊥+λ⊥−ph⊥)→ δ 2 (zhk⊥−ph⊥) . (2.6)
At the same time using:∫
d2λ⊥S(λ⊥) = 1,
∫
d2p⊥Dh/q(zh, p2⊥) = Dh/q(zh), (2.7)
and H(Q2) = 1, finally we find that from Eq. (2.4) we arrive at the same result of Eq. (2.3).
We thus demonstrates the matching between collinear twist-3 factorization formalism and TMD
factorization formalism for three-gluon correlation functions at moderate transverse momentum,
ΛQCD ≪ ph⊥≪ Q.
3. Coefficient functions in TMD evolution formalism
We will now derive the coefficient functions associated with the three-gluon correlation func-
tions, which are essential ingredients in the usual TMD evolution formalism. Since TMD evolution
formalism is often derived in the Fourier transformed coordinate b-space (conjugate to k⊥ in mo-
mentum space), such coefficient functions usually relate the quark Sivers function in the b-space to
the corresponding collinear functions.
To start, we recall that the quark Sivers function in the the coordinate b-space is defined as
follows [28, 32]:
f⊥q(α)1T (xB,b) =
1
M
∫
d2−2ε k⊥e−ik⊥·bkα⊥ f⊥q1T (xB,k2⊥). (3.1)
Here the expression is given in n = 4−2ε dimensions, in which our calculations will be performed
to regularize the potential divergences as we will show below. In other words, in the perturba-
tive region 1/b ≫ ΛQCD, one can expand the quark Sivers function as a product of the coeffi-
cient functions Cq←i(xˆ1, xˆ2) and the corresponding collinear function f (3)(x1,x2), i.e., the twist-3
Qiu-Sterman function Tq,F(x1,x2) as well as the three-gluon correlation functions O(x1,x2) and
N(x1,x2):
f⊥q(α)1T (xB,b) =
(
ibα
2
)
Cq←i(xˆ1, xˆ2)⊗ f (3)i (x1,x2). (3.2)
where⊗ represents the convolution over the momentum fractions. At leading order (LO), the result
is given by
f⊥q(α)1T (xB,b) =
(
ibα
2
)
Tq,F(xB,xB), (3.3)
where the quark Sivers function is for SIDIS process [32]. If it is for Drell-Yan process, there will
be an extra sign on the right hand side of the equation [28]. At the next-to-leading order, we have
f⊥q(α)1T (xB,b) =
(
ibα
2
){
αs
2pi
(
−
1
εˆ
)∫ dx
x2
Pq←g(xˆ)
(
1
2
)
[O(x,x)+O(x,0)+N(x,x)−N(x,0)]
+
∫ 1
xB
dx
x2
[
Cq←g,1(xˆ)
(
O(x,x)+N(x,x)
)
+Cq←g,2(xˆ)
(
O(x,0)−N(x,0)
)]}
, (3.4)
4
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where 1/εˆ = 1/ε − γE + ln4pi . It is obvious that the first term (the divergent term) is simply the
O(αs) correction to the Qiu-Sterman function Tq,F(x,x) [15, 36], and it should be recombined with
Eq. (3.3) to define the renormalized Qiu-Sterman function. The rest finite terms correspond to the
desired coefficient functions, with the expressions given by
Cq←g,1(xˆ) =
αs
4pi
[
Pq←g(xˆ) ln
(
c2
b2µ2
)
+ xˆ(1− xˆ)
]
,
Cq←g,2(xˆ) =
αs
4pi
[
Pq←g(xˆ) ln
(
c2
b2µ2
)
−
1
2
(
1−6xˆ+6xˆ2
)]
, (3.5)
where c = 2e−γE . We thus have derived the coefficient functions Cq←g of off-diagonal part: the
contribution of three-gluon correlation functions. Such coefficient functions will be exactly the
same even if one uses the new properly defined TMDs in [15] and/or [37, 30], because there is no
contribution from soft factor subtraction at order O(αs) [15, 36] for the off-diagonal part.
4. Transverse momentum weighted spin-dependent cross section
In this section we study the NLO transverse momentum-weighted transverse spin-dependent
cross section, which is defined as [38]:
d〈ph⊥∆σ〉
dxBdydzh
≡
∫
d2ph⊥εαβ sα⊥p
β
h⊥
d∆σ
dxBdydzhd2ph⊥
. (4.1)
The ph⊥-weighted cross section contains collinear divergence, to regularize such a divergence, we
again present all the calculations in n = 4−2ε dimensions. We then perform the usual ε-expansion
to isolate the divergent and finite contributions. Collecting these terms, and performing integration
by parts to convert all the derivative terms d f (3)(x1,x2)/dx to non-derivative terms f (3)(x1,x2), we
end up with the following expression:
d〈ph⊥∆σ〉
dxBdydzh
=−
zhσ0
2 ∑q e
2
q
∫ dz
z
Dh/q(z)δ (1− zˆ)
(
−
1
εˆ
+ ln
(Q2
µ2
))
×
αs
2pi
∫ dx
x2
Pq←g(xˆ)
(
1
2
)
[O(x,x)+O(x,0)+N(x,x)−N(x,0)]+ · · · , (4.2)
where “· · ·” represents the finite NLO corrections and are suppressed here. The details are given in
our paper [39]. Comparing Eq. (4.2) with the LO result given by [38]
d〈ph⊥∆σ〉
dxBdydzh
=−
zhσ0
2 ∑q e
2
q
∫ dx
x
dz
z
Tq,F(x,x)Dh/q(z)δ (1− xˆ)δ (1− zˆ), (4.3)
we notice that the divergent part is simply the NLO collinear QCD correction to the LO bare
Qiu-Sterman function T (0)q,F (xB,xB). It should be absorbed into the definition of the renormalized
Tq,F(xB,xB). After MS regularization we obtain the evolution equation for the Qiu-Sterman func-
tion of the off-diagonal (three-gluon correlation function) contribution:
∂
∂ ln µ2f
Tq,F(xB,xB,µ2f ) =
αs
2pi
∫ 1
xB
dx
x2
Pq←g(xˆ)
(
1
2
)[
O(x,x,µ2f )+O(x,0,µ2f )
+N(x,x,µ2f )−N(x,0,µ2f )
]
. (4.4)
5
Three-gluon correlator contribution to Sivers asymmetry in SIDIS Ling-Yun Dai
This result agrees with the earlier findings [40, 41, 42]. After such a subtraction, we finally obtain
the NLO corrections (finite parts) of the three-gluon correlation functions to the ph⊥-weighted
transverse spin-dependent differential cross section. The complete result can be found in [39]. The
result follows the standard form in the usual collinear factorization.
5. Summary
In this talk we report our recent work on the three-gluon correlation function contribution to
the Sivers asymmetry in SIDIS [39]. At cross section level, we demonstrate the matching between
twist-3 collinear factorization formalism and TMD factorization at moderate hadron transverse
momentum, ΛQCD ≪ ph⊥≪ Q. We also derive the O(αs) expansion of the quark Sivers function
in terms of the three-gluon correlation functions, the so-called off-diagonal piece. From it we derive
the coefficient functions used in the usual TMD evolution formalism. We further calculate the NLO
perturbative QCD corrections to the transverse-momentum-weighted spin-dependent differential
cross section, from which we identify the QCD collinear evolution of the twist-3 Qiu-Sterman
function: the off-diagonal contribution from three-gluon correlation functions.
Acknowledgments
I thank Z. Kang, A. Prokudin and I. Vitev for collaborations and thank Y. Koike for helpful dis-
cussions. This work is supported by Indiana University College of Arts and Sciences and the U.S.
Department of Energy, Office of Science, Office of Nuclear Physics under contract DE-AC05-
06OR23177.
References
[1] D. Boer et al., arXiv:1108.1713 [nucl-th].
[2] A. Accardi et al., arXiv:1212.1701 [nucl-ex].
[3] E. C. Aschenauer et al., arXiv:1304.0079 [nucl-ex].
[4] E. C. Aschenauer et al., arXiv:1501.01220 [nucl-ex].
[5] X. Qian et al., [Jefferson Lab Hall A Collaboration], Phys. Rev. Lett 107, 072003 (2011).
[6] Y. X. Zhao et al. [Jefferson Lab Hall A Collaboration], Phys. Rev. C90, 055201 (2014).
[7] A. Airapetian et al., [HERMES Collaboration], Phys. Rev. Lett. 103, 152002 (2009).
[8] C. Adolph et al., [COMPASS Collaboration], Phys. Lett. B744, 250 (2015).
[9] A. Adare et al., [PHENIX Collaboration], Phys. Rev. D82, 112008 (2010).
[10] L. Adamczyk et al., [STAR Collaboration], Phys. Lett. B719, 62 (2013).
[11] R. Seidl et al. [Belle Collaboration], Phys. Rev. D78, 032011 (2008), Phys. Rev. D86, 039905 (2012).
[12] J. P. Lees et al. [BaBar Collaboration], Phys. Rev. D90, 052003 (2014).
[13] X.-d. Ji, J.-p. Ma, and F. Yuan, Phys. Rev. D71, 034005 (2005).
[14] X.-d. Ji, J.-P. Ma, and F. Yuan, Phys. Lett. B597, 299 (2004).
6
Three-gluon correlator contribution to Sivers asymmetry in SIDIS Ling-Yun Dai
[15] J. Collins, Cambridge University Press (2011).
[16] A. Efremov and O. Teryaev, Sov. J. Nucl. Phys. 36, 140 (1982).
[17] A. Efremov and O. Teryaev, Phys. Lett. B150, 383 (1985).
[18] J.-W. Qiu and G. F. Sterman, Phys. Rev. Lett. 67, 2264 (1991).
[19] X. Ji, J.-W. Qiu, W. Vogelsang, and F. Yuan, Phys. Rev. Lett. 97, 082002 (2006).
[20] A. Bacchetta, D. Boer, M. Diehl, and P. J. Mulders, JHEP 0808, 023 (2008).
[21] M. Alekseev et al., [COMPASS Collaboration], Phys. Lett. B673, 127 (2009).
[22] C. Adolph et al., [COMPASS Collaboration], Eur. Phys. J. C73, 2531 (2013).
[23] S. J. Brodsky, D. S. Hwang, and I. Schmidt, Phys. Lett. B530, 99 (2002).
[24] J. C. Collins, Phys. Lett. B536, 43 (2002).
[25] D. Boer, P. J. Mulders and F. Pijlman, Nucl. Phys. B667, 201 (2003).
[26] Z.-B. Kang and J.-W. Qiu, Phys. Rev. Lett. 103, 172001 (2009).
[27] D. W. Sivers, Phys. Rev. D41, 83 (1990).
[28] Z.-B. Kang, B.-W. Xiao, and F. Yuan, Phys. Rev. Lett. 107, 152002 (2011).
[29] S. M. Aybat, J. C. Collins, J.-W. Qiu, and T. C. Rogers, Phys. Rev. D85, 034043 (2012).
[30] M. G. Echevarria, A. Idilbi, A. Schfer, and I. Scimemi, Eur. Phys. J. C73, 2636 (2013).
[31] P. Sun and F. Yuan, Phys. Rev. D88, 114012 (2013).
[32] M. G. Echevarria, A. Idilbi, Z.-B. Kang, and I. Vitev, Phys. Rev. D89, 074013 (2014).
[33] H. Beppu, Y. Koike, K. Tanaka, and S. Yoshida, Phys. Rev. D82, 054005 (2010).
[34] A. Daleo, D. de Florian and R. Sassot, Phys. Rev. D71, 034013 (2005).
[35] X. Ji, J.-W. Qiu, W. Vogelsang, and F. Yuan, Phys. Lett. B638, 178 (2006).
[36] A. Bacchetta and A. Prokudin, Nucl. Phys. B875, 536 (2013).
[37] M. G. Echevarra, A. Idilbi, and I. Scimemi, Phys. Lett. B726, 795 (2013).
[38] Z.-B. Kang, I. Vitev, and H. Xing, Phys. Rev. D87, 034024 (2013).
[39] L.-Y. Dai, Z.-B. Kang, A. Prokudin, and V. Ivan, arXiv: 1409.5851[hep-ph].
[40] Z.-B. Kang and J.-W. Qiu, Phys. Rev. D79, 016003 (2009).
[41] V. Braun, A. Manashov, and B. Pirnay, Phys. Rev. D80, 114002 (2009).
[42] J. Ma and Q. Wang, Phys. Lett. B715, 157 (2012).
7
